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1. INTRODUCTION 
Let G be a finitely generated group with finite generating set T. For each 
g of G, select a point P, (for instance in 3-dimensional space). Join by edges 
those pairs of points corresponding to pairs of elements (g, gt) where g E G, 
t E T. The graph obtained is called the Cayley diagram of G. The Cayley 
diagram is connected, however it may be possible to disconnect the graph 
by removing a finite number of edges. The number of ends of G is the least 
upper bound (possibly XI) of the number of infinite connected components 
that can be obtained by removing a finite number of edges. 
In [5], John R. Stallings shows that if the number of ends of a certain class 
of groups is infinite, then the group is a nontrivial free product. Stallings uses 
this result to solve some important problems in group theory. 
The class of groups for which Stallings’ proof works contains all finitely 
related torsion-free groups, but it does not contain all finitely generated, 
torsion-free groups. 
In this paper it is shown that a finitely generated torsion-free group with 
an infinite number of ends is a nontrivial free product. This result has also 
been proved independently and previously by G. Bergman [I] and D. E. 
Cohen [2]. In a private communication, Professor Stallings has indicated 
to me a much more elegant proof of the above result using an idea in rn! 
original proof. The new proof is incorporated in this paper. Professor Stallings 
intends to publish a f;Jrther paper dealing with finitely generated groups, 
including groups with elements of finite order. 
2. ENDS OF GROUPS 
Let G be a group with a set of generators T. Let 
il=A(G,T)={(g,,g,)~GxGjg;‘g~~TuT-’j. 
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If S C A, a sequence 
gl ,g,, . . . . g, ,g, E G, i = l,..., n, 
is called an S-path from gr to g, if for each i = I,..., IZ - 1, either ( gZ , g,+r) 
or (g,_.r , gi) E S. A subset of L of G is called S-connected if for each a, b EL, 
there is an S-path from a to b. 
If  S C A, let S denote the complement of 5’ in A. 
DEFINITION. I f  G is a finitely generated, infinite group and T is a finite 
set of generators of G, the number of ends of G is the least upper bound 
(possibly ccl) of the number of infinite S-connected components of G, where 
S ranges over all the finite subsets of A(G, T). 
Let e(G) denote the number of ends of 6. 
THEOREM 1. (Specker [Kj). 1j G is a finitely generated, infinite group, 
and the number of ends of G is finite, then 
e(G) = dim W(G, Z,G) + 1. 
ye(G) = 03, then dim W(G, Z,G) == ng. 
Proof. Let F1 be the free abelian group generated by the elements of A, 
then E1 is a free left G-module, if multiplication by elements of G is given by 
Let 6, : I;; - 
Let 6,) : ZG - 
s(g1 ,g*) = (‘kxl~gg2). 
ZG be defined by 
%(g1 ,g2) =g2 --a. 
t Z be defined by 
The sequence Fl A ZG 5; Z is exact. The kernel of 6, is generated 
by the “closed paths” in G, i.e. elements ofF, of the form 
(g,,gJ + (.i?1,g2) + **- +(&L-l ,g,). 
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Let 6, : F, + Fl be a G-homomorphism mapping a free G-module F2 
onto Ker 6, . Consider the sequence 
Hom,,(ZG, Z,G) z+ Horn,@, , Z,G) L Hom,o(F, , Z,G); 
then Nl(G, .Z,G) = Ker S:/Im S,*. 
Note that Z,G can be regarded as the class of finite subsets of G. Let Z,G 
denote the class of all subsets of G, which is a left G-module if addition and 
left multiplication by g E G are defined as follows: 
A + B = (x j x E A, x $ B or x 6 A, s E B) 
gi2 = (2 j g-‘X E A: 
ifA, BCG. 
In a similar fashion define ZJ consisting of the subsets of 4, with 
addition and left multiplication by g E G defined as above. 
Define 
S:Z,G+Zzfl 
SE = (E x E* u E* x E) n A 
where E* is the complement of E in G. The map 6 is a G-morphism. For 
suppose (g, h) E S(A + B) and suppose g E A n B, then g ~6 4 + B, so 
h~A+B=(AnB*)u(A*nB).Hence 
(g, h) E ((A x A) n SB) u (&4 n (B x B)) 
and so (g, h) E 64 + SB. All other cases are checked similarly. For any A, 
SA = SA*. Conversely, Ker 6 = { ‘;7, G}, and so if &4 = SB, then iz = B 
or ,4 := B*. 
For each subset P of /I, there corresponds a G-homomorphism 
19 : F, + Z,G, such that (gr , g, ) E P if and only if 1 E B(g, , ga). T&s corre- 
spondence is an isomorphism between the G-modules Z,/l and 
HomzG(F, , Z,G). It induces a G-isomorphism between ZJ, the submodule 
of Z,fl consisting of finite subsets of/l, and Hom,(F, , Z2G). 
Let E _C G and let SE be finite. Then SE corresponds to an element of 
Ker S$. For if 4 is the homomorphism corresponding to SE, and .a is a closed 
path of G, then g E (b(z) if and only if 1 E (6( g-?s), which occurs only if g-12 
intersects SS an odd number of times; but this is impossible for the closed 
path g-ix. Conversely if 4 E Ker Sz, then 4 is zero on the closed paths 
of G. Let g E G. There exists a path g, ,..., g, from 1 tog and the value 
of N& Y 88) + ... i (&-1 > &J is independent of the path chosen. 
Let S be the set of those g for which 1 E +(( gr , g2) -+ .*. f  (g,-, , ga)). 
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Clearly 6s consists of those (g, h) E A for which 1 t +(g, h), and so SS 
corresponds to 4. 
Suppose now that 0 E Im SF, then H -= $S, , where (b E Hom,,(ZG, Z,G). 
Let P C A correspond to 0, then 
p = i( R, A) I 1 E @l( R> /?)I 
= {(g, A) I 1 E4(R --- II): 
= ((g, h) jg-lE(6(1) and h-l++(l) 
org-r$+(l) and h-l~$(l)) 
= SE, 
where E ---y {g-l 1 g E $(I)). Thus 0 t Im 8: if and only if it corresponds to 
the boundary of a finite subset of G. 
Let X be the submodule of Z,G consisting of those E for which SE is 
finite. Let Y be the submodule of X consisting of all finite E. Then S induces 
a G-homomorphism 
8 : X/Y- W(G, &G). 
If  G is infinite, Ker 8 has order 2, and since 8 is surjective, 
dim X/Y = dim W(G, Z,G) + 1. 
It remains to show that dim X/Y = e(G). 
Suppose P C A and P is finite. I f  Cr ,..., C, are the infinite P-components 
of G, then Ci E X since SC, _C P. No sum of a finite subset of the C,‘s is 
finite, and so dim X/Y- -: Y. 
Conversely if D, ,..., D,q represent independent elements of X/Y, 
let P --= SD, u SD, u ... u SD,5 . I f  C, ,..., C, are the infinite P-components 
of G, each Di is a disjoint union of the C,‘s and so Y ~2 s. It follows that 
e(G) = dim X/Y, and the theorem is proved. 
THEOREM 2. (Hopf [3]). For a jinitely generated infinite group G (finite 
generating set T), e(G) == I, 2 OT co. 
Puoof. Suppose G has a finite number of ends. Let P be a finite subset 
of A(G, T) such that G has e(G) infinite P-components. Let S be a finite 
A-connected subset of G, such that if ( g, I?) E P, then g, h E S, and also let 
S contain the finite P-components of G. If  S has m elements, then there are 
at most ma elements h E G, such that kS n S == 5. Since G is infinite, 
there exists g E G for which gS 0 S =- E . Therefore gS is contained in an 
infinite P-connected component C of G. Now if PI L.: P u gP, then G has 
at most e(G) Pr-connected infinite components. Hence C contains exactly 
one infinite P,-connected component D. I f  C’, C” are two other P-components, 
then each of C’, C” is p-connected and there is a path in S from an element 
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of C’ to an element of C”. This is a g-path and so G has at most two 
infinite gP-components. Rut this means G has at most two infinite 
P-components. 
3. FINITELY GENERATED 'TORSION-FREE GROUPS 
Let G be a finitely generated group, and let G have an infinite number of 
ends. It will be shown that there exists an infinite subset I:‘ of G such that Z?* 
is infinite and 6E is finite and for every g E G, g # 1, at least one of the sets 
E n gE, E n gE*, E* n gE, E* n gE* is finite. I f  G is torsion-free, then 
as in [S], it follows that precisely one of the sets E n gE, E n gE*, E* n gE, 
E* n gZ?* is finite, and a bipolar structure with boundedness condition can 
be defined on G, and so G is a nontrivial free product. 
Let Q = {A C G 1 ,4 and A* are both infinite and &4 is finite}. Let c(A) 
denote the number of elements in 6(A). A n element A E Q is called minimal 
if c(A) takes the minimal value II. 
I f  r2 is minimal, then both -4 and A* are A-connected. For if not, let C 
be an infinite A-component of &4 or A *, then 6C C 611, contradicting the 
minimality of 64. 
LEMMA 1. Zf A, 1 -3, 3 ... , is a descending sequence of minimal elements 
of Q, and I == n~CO =li is infinite, then for some kj A, = A,,, = ..* = I. 
Proof. I f  (g, Zz) E 61, then (g, h) E 64, for all sufficiently large i. 
It follows that 8Z can have at most n elements, for otherwise &4, would have 
more than n elements for sufficiently large i. But Z and I* are infinite and so Z 
is minimal. It follows that SI has exactly n elements, and so SZ = &4, for 
some i. But this means Z =- .4? or AT, and so the lemma is proved. 
The rest of the proof is due to Professor Stallings. 
LEMMA 2. If T is a locally finite graph and B, 2 B, 2 .** is a descending 
family of ir$nite connected subgyaphs, all containing a j?xed oertex v, then 
B = nyzc;, Bi is an infinite graph containing 21. 
Proof. Suppose B is finite. Let V be the set of vertices not in B but 
connected to B by an edge of r. Since r is locallp finite, V is finite. 
For every i, B, is connected and infinite, and so there exists v’ E V n Bi . 
Since I- is finite, there exists v’ E I7 n Bi for an infinite number of i’s, But 
then z” E B, which is a contradiction. 
This lemma is well-known. 
LEMMA 3. For any g E G, there exists a minimal A E Q, with g E A*, 
such that fey any minimal B E Q, ifg E B” and A C B, then A = B. 
481/12/3-4 
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Proof. Suppose not, then there exists a strictly ascending chain 
B, C B, C B, C . . . of minimal elements of Q and g E Br for every i. 
By Lemma 2, B = nTEO Bf is infinite, and so by Lemma 1 there is a 
contradiction. 
If  A, B E Q are minimal, then as in [5], either one of -4 n B, 9 n Bk, 
A* n B, A* n B* is finite, or all four sets are minimal. 
Suppose il c Q is as in Lemma 3 with respect to some fixed g, E G. For 
any g E G, suppose that none of the sets A n grZ, 9 n gA*, A* n gA, 
A* n gA* is finite, then all four are minimal. I f  g, E g/I, then 
g, $ A u gA* = (A* n gA)*. Hence /l u gd* is a minimal element of Q, 
properly containing A and not containing g, , which is a contradiction. 
Similarly, if g, E gA *, a contradiction is obtained by considering the minimal 
set A u gA. 
As has been remarked at the beginning of this section, the proof of the 
main Theorem in [5] can now be easily adapted to give the following more 
general result. 
THEOREM 3. If G is a jkitely generated, torsion-free group and e(G) :- co, 
then G is a nontrivial free product. 
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